Abstract. In this paper we give a determinant formula for the ratio of relative congruence zeta functions of cyclotomic function fields.
Introduction
Let k = F q (T ) be the rational function field over the finite field F q and A = F q [T ] . Write A + = {1 = M ∈ A : M is monic} and A + irr = {P ∈ A + : P is irreducible} for simplicity. For any M ∈ A + , we denote by K M for the M th cyclotomic function field and K + M for the maximal real subfield of K M .
It is known that there exists a polynomial P K M (X) ∈ Z[X] such that
, where ζ(s, K M ) is the congruence zeta function of K M and P K M (1) is equal to the divisor class number
In 2010, Shiomi has expressed the polynomial P (−) K M (X) as the determinant of matrix up to some polynomial [5] . Recently, author and Ka gave another determinant fomula for P
Preliminaries
Let F be a finite extension of k which is contained in some cyclotomic extension K M . Let N ∈ A + be the conductor of F , that is, K N is the smallest cyclotomic function field containing F . Let ζ(s, F ) be the congruence zeta function of F given by
where p runs over all primes of F . It is well known that there exists a polynomial P F (X) ∈ Z[X] of degree 2g, where g is the genus of F , such that
.
Moreover, the polynomial P F (X) satisfies P F (0) = 1 and P F (1) = h F , where h F is the divisor class number of F . Let X F be the group of primitive Dirichlet characters of A associated to
For any χ ∈ X F , let F χ ∈ A + be the conductor of χ andχ = χ • π χ , where
be the relative congruence zeta function of F and P (−)
To find a determinant formula for the ratio of relative congruence zeta functions, we need a variation of group determinant formula. Let G be a finite abelian group and let L 2 (G) be the vector space of complex-valued functions on G. Let G be the character group of G with values in C. For any subgroup H of G, we define G H = {χ ∈ G : χ(σ) = 1 for all σ ∈ H} and let R G/H be any system of representatives of G/H. When R G/H is
It is easy to see that Lemma 2.1 also holds when f is a function from G to Z[X].
Ratio of the relative congruence zeta functions
From now on, we fix M, N ∈ A + with N |M . Let
For the cyclotomic theory of function fields, we refer to [4, Chapter 12 ]. Under the above isomorphisms, we may identify
where A, B run over M M \(M * M,N ∪ M N ) and B −1 denote the unique element of M M which satisfy BB −1 ≡ 1 (mod M ).
Theorem 3.1. For any M, N ∈ A + with N |M , we have 
) and we view f as a function on G M . Thus, from (2.1), we have det f (στ
Considering the map M M ↔ (A/M A) * ∼ = G M and the definition of f , we get the result. 
